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ABSTRACT

We consider transient flow in unsaturated heterogeneous porous
media with uncertain hydraulic parameters. Our aim is to provide un-
biased predictions (estimates) of system states, such as pressure head,
water content, and fluxes, and to quantify the uncertainty associated
with such predictions. We achieve this goal by treating hydraulic
parameters as random fields and the corresponding flow equations
as stochastic. Current stochastic analyses of transient flow in partially
saturated soils require linearization of the constitutive relations, which
may lead to significant inaccuracies when these relations are highly
nonlinear. If relative conductivity and saturation vary exponentially
with pressure and the corresponding scaling parameters are random
variables, the transient Richards equation is mapped onto a linear
equation by means of the Kirchhoff transformation. This allows us
to develop deterministic differential equations for the first and second
ensemble moments of pressure and saturation. We solve these equa-
tions analytically, for vertical infiltration, and compare them with
direct Monte Carlo simulations.

UBSURFACE FLOW takes place in complex environ-

ments, whose parameters are seldom, if ever, known
in all of their relevant details. Instead, such parameters
are at best measured, or inferred, at selected locations.
Estimation of parameters at points where data are not
available entails random errors. Quite often, the mea-
surement support is uncertain and the data are cor-
rupted by experimental and interpretive errors. These
errors and uncertainties render hydraulic parameters
random and the corresponding flow equations stochas-
tic. The Idaho National Engineering and Environmen-
tal Laboratory (INEEL) site is a prime example of these
complexities. The vadose zone at the INEEL site is on
average 137 m (450 feet) deep and consists of basalt
and soil layers. Despite extensive site characterization
efforts, its hydraulic and transport parameters remain
uncertain.

Within the stochastic framework, the parameter val-
ues, determined at various points within a more or less
distinct soil unit, are viewed as samples from a random
field defined over a continuum. This random field is
characterized by a joint (multivariate) probability den-
sity function or, equivalently, its joint ensemble mo-
ments. Thus, a parameter A(x) varies not only with the
physical space coordinate, x, but also in probability space
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(this variation may be represented by another “coordi-
nate,” &, which is usually suppressed to simplify notation).
Whereas spatial moments are obtained by sampling
A(x) in physical space (across x), ensemble moments
are defined in terms of samples collected in probability
space (across &). The ergodicity hypothesis is invoked
to equate the two.

If the statistical properties of A(x) and other relevant
random parameters can be inferred from measurements,
one can use them as inputs for stochastic flow equations.
Solutions of stochastic equations are given in terms of
the probability density functions (PDF) of system states,
such as pressure and saturation. Since, in general, such
PDFs are non-Gaussian, they are characterized by an in-
finite number of the corresponding statistical moments.
In stochastic hydrogeology, it is common to compute
only the first two statistical moments, i.e., the mean and
(co)variance. The former provides an estimate of the
system state, while the latter quantifies the uncertainty
associated with this estimate.

Monte Carlo simulations (MCS) are often used to cal-
culate these moments. The law of large numbers is a
foundation of MCSs, which consist of (i) generating a
sufficient number of realizations of the parameter fields
A(x), (ii) solving deterministic flow equations for each
realization of A(x), and (iii) analyzing statistically these
solutions to obtain the first few moments of the system
states. Advantages and drawbacks of MCS have been
discussed at length by Dagan (1998) and Tartakovsky
et al. (1999), among many others. Of importance to the
our study is that MCSs provide no physical insight into
the physical behavior of a random system and that their
numerical accuracy is highly questionable. In particular,
well-established nonlocality of the (ensemble) averaged
Darcy Law (e.g., Dagan, 1989; Cushman, 1997; Tarta-
kovsky and Neuman, 1998) cannot be discerned from
MCS, and their notorious unreliability has led Dagan
(1998) to conclude that MCS “may serve as a reliable
tool for validating approximate theoretical results only
after making sure that various authors arrive at similar
results albeit by different methods.”

Derivation of deterministic equations for the statisti-
cal moments of system states represents a viable alterna-
tive to MCS. Since the coefficients of moment differen-
tial equations (e.g., K, mean hydraulic conductivity) are
much smoother than their random counterparts (e.g.,
K, random hydraulic conductivity), these equations can
be solved either analytically or numerically on coarser
grids. On the downside, the derivation of moment equa-
tions generally requires closure approximations. Pertur-
bation expansions in o'} (the variance of log conductivity
Y'), which are often used to construct such closures, for-

Abbreviations: INEEL, Idaho National Engineering and Environ-
mental Laboratory; MCS, Monte Carlo simulation; MDE, moment
differential equation; PDF, probability density function.
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mally limit their applicability to mildly heterogeneous
media (o < 1). However, numerical experiments have
demonstrated that solutions of moment differential
equations (MDEs) for linear processes, such as satu-
rated flow and transport of conservative contaminants,
remain accurate and robust for moderately heteroge-
neous media with o} as high as 4 (Guadagnini and
Neuman, 1999).

The nonlinearity of the Richards equation greatly
complicates the stochastic treatment of flow in partially
saturated porous media. Virtually all previously published
moment analyses of steady-state and transient unsatu-
rated flows (e.g., Andersson and Shapiro, 1983; Yeh et al.,
1985a, 1985b; Mantoglou and Gelhar, 1987; Yeh, 1989;
Mantoglou, 1992; Russo, 1995; Ferrante and Yeh, 1999)
have used Taylor expansions of the relative hydraulic
conductivity K, () around a mean pressure {5, often
employing a linearization K.({) = K.({s). This may lead
to significant errors when these relations are highly non-
linear. Indeed, for these approaches to be accurate and
robust, the corresponding infinite Taylor series must be
approximated accurately by a finite number of terms
(often just by the leading term!). This requires, in turn,
that the variance of pressure, ¢j, or, more precisely its
coefficient of variation, o,,/{s, be small. Clearly, this con-
dition cannot be verified a priori, since it involves the
unknown pressure statistics. Moreover, random pres-
sure is expected to be statistically nonhomogeneous, lead-
ing to nonuniform accuracy throughout a flow domain.

Recently, the Kirchhoff mapping (Tartakovsky et al.,
1999) and a Gaussian approximation (Amir and Neu-
man, 2001) have been proposed as alternative approaches
to derive, without resorting to the linearization K () =
K.(), moment equations for unsaturated flow. Specifi-
cally, Tartakovsky et al. (1999) and Lu et al. (2002) used
Kirchhoff mapping to analyze steady-state flow with
Gardner’s (1958) model of the relative hydraulic con-
ductivity, K, = exp(as). In these analyses, the fitting
parameter o has been treated as a random constant.
Tartakovsky et al. (2003a) demonstrated that this re-
striction can be relaxed to allow « to be a random field.
The Gaussian approximation of Amir and Neuman
(2001) requires that both saturated hydraulic conductiv-
ity K, and the fitting parameter a be random constants,
rather than random fields, and assumes that the random
pressure field y(x) is Gaussian throughout the flow do-
main. Tartakovsky et al. (2003b) extended the applica-
bility of Kirchhoff mapping to steady-state, gravity-free
unsaturated flows with more realistic models of K,(i),
such as the Brooks—Corey and van Genuchten models.
Their analysis revealed that the Kirchhoff mapping leads
to more accurate solutions than does the Gaussian ap-
proximation, especially in the vicinity of flow domain’s
boundaries.

The main goal of our study is to use the Kirchhoff map-
ping to analyze transient unsaturated flow in randomly
heterogeneous porous media. In the next section we pro-
vide a mathematical formulation of unsaturated flow in
randomly heterogeneous soils and discuss assumptions
and limitations that are necessary for the subsequent
analysis. We then derive deterministic moment equations

for the mean and variance of pressure head and satura-
tion. These equations are solved analytically for one-
dimensional vertical infiltration. Finally, we compare them
with MCSs, which are traditionally viewed as exact. We
demonstrate that, under transient flow conditions, even
in a relatively simple one-dimensional setting, Monte
Carlo results must be treated with caution.

MODEL FORMULATION

Following Russo (1992) and others, we start from the
premise that Darcy’s Law,

q(x*,r%) = —K(xX* ) VF[l(x*,%) — x¥] (1]

applies when the flux, q, the unsaturated hydraulic con-
ductivity, K, and the pressure head gradient, V*{, are
representative of a support (measurement) volume o cen-
tered about the point x* = (x{*, x5', x¥)7, where x§ is the
vertical coordinate (taken to be positive downward).
Consider transient flow in a heterogeneous domain
O*, which is large in comparison with the support w and
is bounded by a surface I'*. Flow is governed by the
continuity equation,
% = V() 4 ), xFEQF 2

subject to the initial and boundary conditions
P(x*, 0) = Pi(x*), x* & Q* [3a]
P(x* %) = W(x*r%), x* € I} [3b]
—q(x*,r)m*(x*) = Q¥(x*1¥), x* € I} [3c]

Here f* is a (random) source function, W, is a (random)
initial pressure head distribution, ¥ is a (random) pres-
sure head on Dirichlet boundary segments I'};, Q% is a
(random) flux across Neumann boundary segments Iy,
n* = (n{, nf, n¥)"is a unit outward normal to the boun-
dary I'*, and I'* = I'}; U T'y. Although it is not strictly
necessary, we assume for simplicity that the source, ini-
tial, and boundary functions f, ¥;,, ¥, and Q* are pre-
scribed in a statistically independent manner.

We take the constitutive relationships to be given by

K(x* ) = K(xH)K(), K(b) = e [4a]
and
0 =10+ (6, — 0,)eV [4b]

where K, and K, are saturated and relative hydraulic
conductivities, respectively; 6, is residual (irreducible)
water content, 6, is porosity, and « is the reciprocal of the
macroscopic capillary length scale (Raats, 1976). Spatial
variations in the constitutive parameters K and «, cou-
pled with a lack of detailed information about their spa-
tial distributions, render K, and o random. This and the
uncertain forcing terms in Eq. [1] through [4] render
these differential equations stochastic.

The limitations and applicability of the constitutive
relationships (Eq. [4]) are thoroughly discussed in a re-
view by Pullan (1990). These relationships have been
used extensively to analyze various aspects of transient
unsaturated flow in homogeneous soils by Warrick (1975),
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Philip (1986), and Basha (1999), among many others.
This study is the first to use these constitutive laws to
analyze transient flow in heterogeneous soils with uncer-
tain hydraulic parameters.

Another important assumption is that we require the
parameter « to be a random constant rather than a ran-
dom field. Tartakovsky et al. (1999) explored the extent
to which this assumption is justified by providing a re-
view of published studies concerning spatial variability
of a. Hence, we feel that this assumption is a relatively
small price to pay for the advantage of preserving con-
stitutive nonlinearity. Moreover, as demonstrated by
Tartakovsky et al. (2003a), the results corresponding to
constant o can serve as a “partial mean-field” approxi-
mation of a solution to the Richards equation with ran-
dom «a(x), provided that its correlation length is rela-
tively large.

GENERAL THEORY
Applying the Kirchhoff rnapping,

or(xner) = [ Ki(s)ds = 1ea¢ 5]
to Eq. [1], [2], and [3] yields
(0, — 6,) % Vo[ K(x*) VHDH(x* %) —
a% [K(x*)D*(x,05)] + f*(x* %) [6]

The initial and boundary conditions (Eq. [3a]-[3b]) are
transformed in a similar manner.
Introducing dimensionless time and space coordinates,
sk
t= _ UK and V = L,V* [7a]
(8, — 6,)L;
as well as dimensionless parameters and dependent vari-
ables,

a K, f*
A=2a=ql,k="28f= ,
Qg ¢T e K, ! oK,
* k
LA N [7b]
L; L;
transforms Eq. [6] into
APPD 19 e van)] -
d
Ak + f(x0) 8]
X3
subject to
B(x,0) = Hy(x), Hy(x) = 1A “¥y x € Q [9a]
®=H, H= ie"“’, x €T [9b]
a

. _ _ _ O
a 'kVden — Ansk® = 0, 0 =
ak,

g

»x € I'y [9¢]

Note that, in this formulation, the Kirchhoff variable

® coincides with matrix potential and reduced satura-
tion. If k were deterministic, that is, if the randomness
were due to the driving forces f, H;,, H, and Q only, the
Kirchhoff mapping would yield the exact averaged equa-
tion for ®. This relatively simple setting corresponds, for
example, to unsaturated flow, where the major source
of uncertainty is the infiltration or evapotranspiration
rates.

Experimental data reviewed by Tartakovsky et al.
(1999) suggest that, in the majority of soils, the param-
eter B = InA is much less variable than the log conductiv-
ity Y = Ink. For such soils, we can simplify the analysis
by c0n51der1ng only the zeroth-order approximation in
o, the Varlance of B, together with the ith order approx-
imations in o}, the variance of Y. Using the Reynolds
decomposition to represent random fields and variables,
X = X + X', as the sum of the means, X, and zero-
mean fluctuations, X'; taking the ensemble mean of Eq.
[8]; expanding ®(x,f), k(x), and other relevant param-
eters in powers of Y’'(x), the random fluctuations of Y;
and collecting terms of the like powers of oy, the stan-
dard deviation of Y, yields the ith order approximation
of the mean flow equation (Appendix A),

W0 _ g — 00 frx€Q [10]
ot 0x3
subject to the initial and boundary conditions
Pi(x,0) = H)(x), x € Q [11a]
dO(x,1) = HO(x,f), x € I'p [11b]

a" eV DO(x,1) — ny®(x,t) = Qi(x,t), x €Ty [11c]

In principle, the perturbation expansion (Eq. [10]-[11])
can be performed to any order i and is valid for an
arbitrary statistical distribution of k. If k is log normal,
the odd terms in this expansion vanish, whlle the even
terms form an expansion in powers of o}. (Note that,
for any distribution of k, first-order approximations in
o} correspond to second-order approximations in ay).
For the first two terms in this expansion, the source,
initial, and boundary functions in Eq. [10] through [11]
are given by

2
h=f h= alv{ozy Voo — r(l)] _

2
a {"Y B0 + cﬁc},} [12a]
8x3 2
HY = a’]e‘@"“, HY =0 [12b]
HO =g le?, HO =0 [12¢]
2
=0, 0= —a‘n-[(;y Voo — r(‘)]—i-
2
ns {(’ZY O + c%} [12d]

The first-order (in o}) approximations of the cross-
covariances r(x,;t) = —k'(x)V®'(x,t) and Ciap(y:x,t) =

k'(y)®'(x,r) are given by (see Appendix A)

10(x) = ') Clxy) V. VIGOV,BOdydr ~
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‘ — aG©
[, @0, 5 ayas [13

and
Clp(yxt) = —a™! f

0

[, Cy2)V.GOV,BOdzdr +

t — 9GO
(0)
[, [, Clymy® r dadr [14]
Here Cy(yx) = Y'(x)Y'(y) is the covariance of Y’,
and the Green’s function G”(y,x,r — 1) satisfies the de-
terministic differential equation

GO _ GO
_9GT a 'V;GO + 967
ot ay;
3y — x)¥(t — 1) yxe€Q [15]

subject to the homogeneous initial and boundary condi-
tions

GOyx,0) =0, y€EQ, [16a]
GOyxt—1)=0 yeT, [16Db]
nV,GO>yxt—1) =0, y€eTly [16¢]

The derived set of equations is recursive in that the
lower-order approximations serve as an input, through
the driving forces, into the higher-order approximations.
The zeroth-order approximation of the mean matrix po-
tential, ®(x), satisfies a standard deterministic equation
for unsaturated flow in a soil with known properties,
driven by mean source and boundary functions. Non-
locality of the mean unsaturated flow equation, that is,
dependence of the mean Darcy flux q at a point x at
time ¢ on the mean matrix potential gradient V® at all
space—time points in the computational domain, mani-
fests itself in second- and higher-order approximations.
To our knowledge, nonlocality has been left out of previ-
ous stochastic analyses of transient unsaturated flow.

The first-order approximation of the autocovariance
function Ce(x,1y,7) = ®'(x,/)®'(y,7) of the Kirchhoff
transform @ is obtained as the solution of

1) 1)
9y _ a2 — Y | iy
ot 0x;3

[Cl(xy,r)V,DO] — %[CS&;(x;y,T@] [17]

X

subject to the initial and boundary conditions

CPx,0y,1) =0, xEQ [18a]

CYx,tyr) =0, xET, [18b]
am[V,CP + CHV,DdO] -

ny [CY + ClYHDdO] =0, x €Ty [18¢]

For the sake of simplicity, the source, initial, and bound-
ary functions are assumed to be deterministic. The first-
order approximation of the Kirchhoff variable variance,
o 3(x,t), is obtained by taking the limit of Co(x,5y,T) as
y—xandt—

Since the Kirchhoff variable ® is related linearly to
Darcy’s flux, reduced saturation, and the wetting front
velocity, the statistics of these important physical quan-

tities are given directly in terms of the statistics of ®.
The pressure statistics are given by (Tartakovsky et al.,
1999)

FO = In®O, FO = PO/PO — %[ng]m@«n? [19]

and
[o3]0 = [0 ]0/@0" [20]

The above systems of deterministic moment equations
involve relatively smooth parameters and dependent
variables that are defined on a consistent support scale
w, identical to that of all measurements. As such, these
moment equations can be solved either analytically as
we do below or, more generally, by standard numerical
methods, such as finite elements, on relatively coarse
grids without upscaling.

ONE-DIMENSIONAL INFILTRATION

The remainder of this paper is devoted to the develop-
ment and exploration of an approximate solution for
the above moment equations. In particular, we obtain
an analytical solution for one-dimensional infiltration
into an initially dry column of a porous medium. Infiltra-
tion is driven by a deterministically prescribed flux Q%
at the inlet, z = 0. (We use a new coordinate z = x; to
emphasize the one-dimensional nature of our example.)
An initially dry medium corresponds to the initial condi-
tion ¥, = —eo, or H;, = 0, and to the boundary condition
W = —e, or H = 0, at infinity, z = . We derive per-
turbation solutions in a small parameter o'y, the variance
of a one-dimensional multivariate Gaussian and statisti-
cally homogeneous field Y(z) = Ink, with constant
mean Y and an exponential (spatial) autocovariance
function

Cy(z,y) = (rzyexp(—lz;yl) [21]

\ being the spatial autocorrelation scale of Y, normal-
ized with a characteristic length L.
Denoting

Yo = 6(0), Y1 = 6(])7 Y2 = CEIIJ) [22]

recasts Eq. [10] and [17] in the form of an advection—
diffusion equation,

N _ Py 9y ;
=gl -+ f 0<z<e, j=0,1.2
ot az* oz f !
(23]
The source functions f; are given by
fiz.1) = 0,
2
_ Oy 0 ( 1 B'YO )
L) = ——la — — -
fiz 2 0z 0z K

) + Cli(z)
r4

hHlztT) = ;JC (ch%(c;z,t)(a‘1 %0 - voﬂ [24]

Equations [24] are subject to
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_, 0y
- = — 124 . = .
¥(z,0) = 0, ( ato ot %)FO @

Y(eo) =0, j=012 [25a]

where
Gp=0=%" [25b]
2
q = Ix —a! (LZO + Vo)z:() —a~'r(0,0) — CS‘%’(OJ)

= — X0 — a1 0(0,) — CU(0.1) [25¢]

and

W), = ~0CHOL)
[25d]

The Green’s function for Eq. [23] through [25] has

the form
o

awm@:;JZFm{ e
expl - 40 - S5 - oo

\z
2e‘”erfc{ (\[ + \ﬁ )}
The solutions of Eq. [23] through [25] are written as
Yi(z,t) = f; j: FCTGOLzt — T)didT +
|Gz = ydr [27]

4 = ~ClOLR| -0 T
0z

After some algebraic manipulations, Eq. [27] gives
rise to the zeroth-order term,

5(0)( 2.0)

6"~ et

i -

1(1 +az + at)e“zerfc{((

{+J)] [28]

and the first-order term,

e

1+ az)e“erfc{((\[ + \[ﬂ

a)\eaz/z a,/4[ (a)\(l — e z/)\) —az
0y

2 Nat
‘\'at) ( az2)
1 _ ,—2az2t _ +
(1= e )57 Jexp| =7,

i + e - 205 e -

(34—51)\+az+)\>exp<Z + d )

2N 4Na
et )
( £ S )
gl e 25 ¢
Lo e 20— ) -
(f et el

in the perturbation expansion of the mean Kirchhoff
variable ® = ®©O + OO + ...,

As mentioned above, zeroth-order approximations of
the ensemble mean system dynamics correspond to their
deterministic counterparts. In particular, Eq. [28] coin-
cides with Eq. [17] of Lomen and Warrick (1978) and
Eq. [31] of Basha (1999), which describe one-dimensional
infiltration in homogeneous soils. Alternatively, replac-
ing O with Q in Eq. [28] gives an exact solution for the
mean saturation dynamics in homogeneous soils with
random infiltration rates Q. This is a flow scenario, for
which Foussereau et al. (2000) provide an approxi-
mate solution.

Braester (1973) demonstrated that the exact location
of a wetting front in a homogeneous soil is given by

2(t) = Of (0,)dr [30]

Hence, the first-order approximation of the dynamics
of the mean wetting front, z/! = 7\ + z{" is related to
the first-order approximation of the mean Kirchhoff
variable by

() = Q| (07)ds [31]

It follows from Eq. [30] that the variance of the wetting
front dynamics, o{(t) = Z;z, is given by

o}()) = @ || Ca(0.7:0.1")drdr’ [32]

Its first-order approximation is derived by setting Cy =
CY), where CY is the solution of Eq. [17].

Figure 1 shows the evolution of the mean saturation
profile (Kirchhoff variable, matrix potentlal) CID[”(Z 0,
in a randomly heterogeneous soil with a = 1.0, 0y =
0.4, and A = 1.0. At full saturation, infiltration rate Q*
reaches K.y, the effective saturated conductivity, which
for one-dimensional flow, at large enough times, is given
by the harmonic mean, K = K, = K,exp(c y/2) This
explains why at full saturation ®/Q = 1.2, since Q =
Q*/K, and oy = 0.4. Also, one can see from Fig. 1 that
the front diffuses with time; that is, it does not propagate
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Fig. 1. Mean saturation profiles, @ = ®© + ®", normalized with the dimensionless flux Q.

in a self-similar manner (as a traveling wave). The main
reason for this behavior is the choice of the constitutive
relationships (Eq. [4]), which preclude the formation of
traveling waves even in homogeneous soils (e.g., Braes-
ter, 1973).

Monte Carlo Simulations

Next, we compare our perturbation solutions with
those obtained from direct Monte Carlo simulations
(MCS). The Gaussian sequential simulator SGSIM
(Deutsch and Journel, 1992) is used to generate realiza-
tions of the correlated, multivariate Gaussian Y(z) =
InK; field with mean Y = 0.0, correlation length N =
1.0 and several values of the variance %, as specified
below.

The MCS results are often treated as exact, provided
that enough Monte Carlo realizations can be generated.
However, as we discussed in our introduction, there is
growing evidence to the contrary. In particular, the ques-
tion of how many Monte Carlo realizations are enough
to reproduce accurately the statistics of interest remains
unresolved. It is common to analyze the convergence of
MCS in terms of the input parameters, such as saturated
conductivity, K. In our example, it took 1000 realiza-
tions for the sample statistics of Y(z) to converge to its
prescribed distribution with o} = 0.4. However, Fig. 2

demonstrates that as many as 5000 realizations are re-
quired for the ensemble statistics of ® (its variance, to be
specific) to converge. Moreover, the required number of
realizations increases with time. For multidimensional
transient flows, such analyses of convergence, which are
based on transient outputs (e.g., pressure and satura-
tion), rather than fixed inputs (e.g., saturated conductiv-
ity), might be impractical.

Another issue related to the accuracy of MCS is the
inability of many existing codes to deal with highly dis-
continuous coefficients, which enter into each realiza-
tion of the (unsaturated) flow equations. These codes
are designed to accommodate relatively smooth coeffi-
cients that arise from geostatistical analyses of data.
(Moment differential equations also posses coefficients
that are smoothed by the ensemble averaging.) In our
MCS, we employed a backward-difference discretiza-
tion of the convective term in Eq. [8], which is uncon-
ditionally stable. One can easily verify that the MCS,
which are based on a forward-difference discretization
of the convective term, lead to a relatively accurate nu-
merical solution for the mean ®(z,t), but to an erroneous
solution for the variance o 3(z.f).

Finally, for MCS to remain stable, the size of a grid
used to discretize computational domains should de-
crease as o, the variance of log conductivity, increases.

t=1——
t=5---—-
S o0k t=15---- .
~— 'y
IS '
5 : e
g PN e
=1 015 "‘“ -
8 n
2 AN P
> UON e B i it T
2 010k 7 —
= o
Td o
E 4t
g 0.05 i— -
0.00 £ L L L '
0 1000 2000 3000 4000 5000

Number of Monte Carlo realizations
Fig. 2. The normalized variance of reduced saturation, o 3/Q? computed by direct MCS as a function of the number of Monte Carlo realizations.
It is reported at the dimensionless depth z = 0.5 and several values of the dimensionless time . The variance of log conductivity is o3 = 0.4.
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Fig. 3. Mean reduced saturation (the Kirchhoff variable, matrix potential), ®/Q, on the soil surface, z = 0, computed analytically with the first-
order approximation of the moment differential equations (MDE) and the mean-field approximation (MFA), and numerically with the Monte

Carlo simulations (MCS).

Specifically, the d1scretlzat10n interval Az = 0.02 was
sufficient for o3 = 0.2, while % required the discretiza-
tion Az = 0.01.

We now proceed to compare the statistics of the
Kirchhoff variable (saturation, matrix potential), ®(z,t),
computed with both the first-order analytical solutions
of the moment equations and direct MCS. Since the
dynamics of wetting fronts is related to the dynamics
of the Kirchhoff variable on the soil surface, our results
are reported for z = 0.

Figure 3 provides such a comparison for the mean
reduced saturation (the Kirchhoff variable, matrix po-
tential). Also reported in Fig. 3 is the mean-field approx-
imation, which replaces heterogeneous conductivity
field K (z) with its mean K and, hence, corresponds to
the zeroth-order solution Eq. [28]. The mean-field ap-
proximation systematically underestimates the surface
saturation, ®(0,f), while the saturation estimates pro-
vided by the first-order analytical solution and MCS are
in good agreement. Another important feature revealed
by Fig. 3 is that the mean surface saturation 1ncreases
with the degree of heterogeneity, that is, with 3.

The uncertainty associated with the estimates of satu-
ration (the Kirchhoff variable, matrix })otential) is quan-
tified by the variance of saturation, o . Figure 4 depicts
the variance of surface saturation, O'([)(O t), computed
analytically as a solution of MDE and numerlcally with
MCS. The first-order approximation of o increases
asymptotically with time to its limiting value of o3}/2.
The agreement between the two solutions is worse, and,
as o'y increases, it deteriorates faster than the agreement
between the two solutions for the mean. This is to be
expected, since the perturbation solution for & consists
of the two leading terms, while the perturbation solution
for 0% includes only one.

Although not shown here, the variance o §(z,f) decays
to zero from its maximum value on the surface as the
depth z increases.

CONCLUSIONS

1. We described a deterministic alternative to Monte
Carlo simulation, which allows one to predict tran-

sient flow in unsaturated heterogeneous soils with
uncertain hydraulic parameters, and to quantify
the uncertainty associated with such predictions.
This is done by deriving deterministic differential
equations for the ensemble moments, mean and
(co)variance, of saturation and matrix potential.
Our approach does not require generation of ran-
dom fields or variables, upscaling, or linearization
of the constitutive characteristics of a soil.

2. Virtually all previously published moment analyses
of unsaturated flow, whether analytical or numeri-
cal, have found it necessary to rely on Taylor
expansions of soil constitutive relations. These may
lead to major inaccuracies when these relations are
highly nonlinear, as is often the case. Our approach
obviates the need for such Taylor expansions by
applying the Kirchhoff transform to the stochastic
Richards equation before its ensemble averaging.

3. We solved our general moment equations analyti-
cally for one-dimensional infiltration and com-
pared these solutions with direct Monte Carlo sim-
ulations. Both approaches yield results that are
qualitatively and quantitatively similar.

4. We demonstrated that for transient flows special
care must be paid to ensure the accuracy of Monte
Carlo simulations, since the convergence of the in-
put (saturated conductivity) sample statistics does
not guarantee the convergence of the output (satu-
ration and pressure) statistics. As time increases,
more and more realizations are needed for Monte
Carlo simulations to converge.

ACKNOWLEDGMENTS

This work was supported in part by the Laboratory Directed
Research and Development program at the Idaho National
Engineering and Environmental Laboratory (INEEL). The
INEEL is operated for the USDOE by Bechtel BWXT Idaho,
LLC under DOE’s Idaho Operations Office Contract DE-
AC07-99ID13727. This work was supported in part by the
U.S. Department of Energy under the DOE/BES Program in
the Applied Mathematical Sciences, Contract KC-07-01-01,
and the Los Alamos National Laboratory Laboratory Di-



www.vadosezonejournal.org 161

IR F—--- S T

X X X X X X XXX ]
x X X X
x X X

x
X
x X

+
++++++
++++++

+ 4+ ++ ++ + A+

MDE, ¢% = 0.2
MCS, 0% =02 +
MDE, 6% = 0.4 ------

MCS, 02 =04 %
1 1 l |

0.20 I , I
S 016 |
~—
a1
b‘ P » x X
o oazf XX
8 4o
=] oox
> .
5§ 0081 -
® X 4
E " +
U‘)d 0.04 —"X
0.00 " ! L !
0 2 4 6

8 10 12 14 16

Dimensionless time, ¢

Fig. 4. The variance of reduced saturation, o ;, on the soil surface, z = 0, computed analytically with the first-order approximation of the moment
differential equations (MDE) and numerically with Monte Carlo simulations (MCS).

rected Research and Development (LDRD) project, “Compu-
tational Models of the Water Cycle of Semi-Arid Basins.”
This work made use of shared facilities supported by SAHRA
(Sustainability of semi-Arid Hydrology and Riparian Areas)
under the STC Program of the National Science Foundation
under agreement EAR-9876800.

APPENDIX A.
DERIVATION OF THE MIXED MOMENTS

Taking the ensemble mean of Eq. [8] gives the mean
flow equation,

A9, G _

a 'Ve(xkVP — 1) —
at ot

ai AKD + ACep + KCop + AP | +F  [A]
X3

Subtracting Eq. [A.1] from [8] yields an equation for
the perturbation, ®’'(x,t),
Z@_’_Ar@_aCACD:

ot ot ot

a 'Veo(xVD') + a 'Ve(k' VP + 1) —
A0 (k@) -2 (Acd + A'xd —
8x3 6x3
ACp — KChp — DCpe — AKD) + f x€Q [A2]

A similar procedure yields the initial and boundary con-
ditions

d' = H,(x) xeEQ [A.3a]
" =H((xt) xel)p [A.3b]
a ' (RVD' + 'V + 1) —

n, (Ak® + A'® + A'k® — AC,q —

KCip — PCy — AK'D’) =

o'(xt) xely [A.3c]

We define a deterministic Green’s function, G(yxt — )
as a solution of the adjoint differential equation

—A %6 v kv,G] + Ak 2E 4
T 6y3
3y —x)3(t — 1) yx€e€Q [A4]
subject to the homogeneous initial and boundary condi-
tions
G(yx,0) =0, yeQ,
Glyxt—7) =0, yeIl,

nVG(yxt—1)=0, yeTy

[A.5a]
[A.5D]
[A.5¢]
Then, ®' can be written as

D' (x,t) = JQ AH,G(yx,0)dy —

a | jFD RH'meV,Gdydr + | jFNQ/GdydT +

0
'], Gaydr + | Ll(ag;@ Y aacb) Gayds

T

a| [ (VD + 1)V, Gdydr +
| LI(ZK'cb + A'k® — ACeq —

KCup — DCpe — A'K'D') ‘;—G dydr [A.6]
V3
Operating on Eq. [A.6] with the stochastic differential
operator k'(x)V,, taking the ensemble mean, and ac-
counting for statistical independence of the randomly
prescribed source and boundary functions gives

r(x1) = — |, ACun, V,Glyx0)dy +
a [} [}, RCai¥ Vi Gndydr — [ | CegVGaydr +

'A'®
b ™5

“ﬂr ,[Q va{GWdydT —

0

V,Gdydr +

J; JQ(Z K'k'® + k'(X)A'kD)V, Z—G dydr [A.7]

3

Multiplying Eq. [A.6] with k'(x) and taking the ensem-
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ble mean yields the cross-covariance function C,¢(y.Xf) =
k' (V)P (x1)-
Cea(yxt) = J AC,y; G(zx,0)dz —

in

a| j RCmeV,Gzdr + | [ CooGdadr —

1 K AD
JL)aK

Gdzdr — a 1” Kk’ DoV, GdzdT +
ot 0 Ja

L; JQ(ZK'K"I’ + k' (y)A'x(z)®) ?TZ dzdr [A.8]

Taking the limit y — x gives Cp(x,f) = k'(X)®'(x.1).
Multiplying [A.6] by A" and taking the ensemble mean
gives Cro(x,f) = k' (x)P'(x,1),

Cuo(x,0) = LZZCAHMG(y,X,O)dy —
a’lﬂj KCymeV,Gdzdr + ||| CioGdadr —

(r KAD
J L) =

Gdzdr — a! j j ANV DV,Gdzdr +
T 0JQ

! A AT AT G
| jg (AAKD + AA Kq>)a—z3dzd7 [A9]

The first-order approximations (in variances 0%, 0% and
cross-covariance Cy; of Y = Ink and Z = InA) have the
form

F0) = |, Clh, V.GOyx0)dy +
a'f er COV,VIGOndydr —

: t (0)
M CULV,GOdydr + Cyz(X)J f aq)T V,GOdydr +
a”!|, |, CHx) VT GOVdydr -
0 O] 3G
LJ (CY(X y)(D( + Cy(x)P )V —_— deT [A.10]

C f(%(y,x,t) = L) C %IHG(O)(Z,X,O)dz —
[}, clnt v | i -

CYZ(y)Li J LCI:- GOdzdr —

| jﬂ Cy(y,z) VOOV,GOdzdr +

[ e + 1"
[CY()’,Z)‘D( )+ Cyy(y)d )] —— dzdr [A.11]
0JQ 623

and
Chp(x,t) = J CYh GO(yx,0)dy —
a'f j Chimv,GOdyds + [ [ C{,GOdyds —

o, 2 Gmayas - a7 |, Coty 7O G

t —_ —_ (
| jﬂ(cyz(y)cb«» + g 200) ?O) dydr [A.12]

0 y3

This is so, since A® =1 and k¥ = 1.

Further simplifications are gained by noticing that the
fluctuations of A are much smaller than the fluctuations
of k; that is, that % and Cy, << o%. This leads to Eq.
[13], [14], and to CY%(x,t) = 0.

REFERENCES

Amir, O., and S.P. Neuman. 2001. Gaussian closure of one-dimen-
sional unsaturated flow in randomly heterogeneous soils. Transp.
Porous Media 44:355-383.

Andersson, J., and A.M. Shapiro. 1983. Stochastic analysis of one-
dimensional steady state unsaturated flow: A comparison of Monte
Carlo and perturbation methods. Water Resour. Res. 19:121-133.

Basha, H.A. 1999. Multidimensional linearized nonsteady infiltration
with prescribed boundary conditions at the soil surface. Water
Resour. Res. 35:75-83.

Braester, C. 1973. Moisture variation at the soil surface and the ad-
vance of the wetting front during infiltration at constant flux. Water
Resour. Res. 9:687-694.

Cushman, J.H. 1997. The physics of fluids in hierarchical porous media:
Angstroms to miles. Kluwer Academic Publ., New York.

Dagan, G. 1989. Flow and transport in porous formations. Springer-
Verlag, New York.

Dagan, G. 1998. Comment on “Renormalization group analysis of
macrodispersion in a directed random flow” by U. Jaekel and H.
Vereecken. Water Resour. Res. 34:3197-3198.

Deutsch, C.V., and A.G. Journel. 1992. Geostatistical Software Li-
brary and User’s Guide. Oxford University Press, New York.
Ferrante, M., and T.C.J. Yeh. 1999. Head and flux variability in hetero-
geneous unsaturated soils under transient flow conditions. Water

Resour. Res. 35:1471-1479.

Foussereau, X., W.D. Graham, and P.S.C. Rao. 2000. Stochastic analy-
sis of transient flow in unsaturated heterogeneous soils. Water
Resour. Res. 36:891-910.

Gardner, W.R. 1958. Some steady state solutions of unsaturated mois-
ture flow equations with application to evaporation from a water
table. Soil Sci. 85:228-232.

Guadagnini, A., and S.P. Neuman. 1999. Nonlocal and localized analy-
ses of conditional mean steady state flow in bounded randomly
nonuniform domains 1. Theory and computational approach.
Water Resour. Res. 35:2999-3018.

Lomen, D.O., and A.W. Warrick. 1978. Time-dependent solutions to
the one-dimensional linearized moisture flow equation with water
extraction. J. Hydrol. 39(1-2):59-67.

Lu, Z., S.P. Neuman, A. Guadagnini, and D.M. Tartakovsky. 2002.
Conditional moment analysis of steady state unsaturated flow in
bounded, randomly heterogeneous soils. Water Resour. Res. 38(4)
doi:10.1029/2001 WR000278.

Mantoglou, A. 1992. A theoretical approach for modeling unsaturated
flow in spatially variable soils: Effective flow models in finite do-
mains and nonstationarity. Water Resour. Res. 28:251-267.

Mantoglou, A., and L.W. Gelhar. 1987. Stochastic modeling of large-
scale transient unsaturated flow system. Water Resour. Res. 23:37-46.

Philip, J.R. 1986. Linearized unsteady multidimensional infiltration.
Water Resour. Res. 22:1717-1727.

Pullan, A.J. 1990. The quasilinear approximation for unsaturated po-
rous media flow. Water Resour. Res. 26:1219-1234.

Raats, P.A.C. 1976. Analytical solutions of a simplified flow equation.
Trans. ASAE 19:683-689.

Russo, D. 1992. Upscaling of hydraulic conductivity in partially satu-
rated heterogeneous porous formation. Water Resour. Res. 28:
397-409.

Russo, D. 1995. Stochastic analysis of the velocity covariance and the
displacement covariance tensors in partially saturated heteroge-
neous anisotropic porous formations. Water Resour. Res. 31:
1647-1658.

Tartakovsky, D.M., and S.P. Neuman. 1998. Transient flow in bounded
randomly heterogeneous domains. 2. Localization of conditional
moment equations and temporal nonlocality effects. Water Resour.
Res. 34:13-20.

Tartakovsky, D.M., S.P. Neuman, and Z. Lu. 1999. Conditional sto-



www.vadosezonejournal.org 163

chastic averaging of steady state unsaturated flow by means of
Kirchhoff transformation. Water Resour. Res. 35:731-745.

Tartakovsky, D.M., Z. Lu, A. Guadagnini, and A.M. Tartakovsky.
2003a. Unsaturated flow in heterogeneous soils with spatially dis-
tributed uncertain hydraulic parameters. J. Hydrol. 275(3-4):
182-193.

Tartakovsky, D.M., A. Guadagnini, and M. Riva. 2003b. Stochastic
averaging of nonlinear flows in heterogeneous porous media. J.
Fluid Mech. 492:47-62.

Warrick, A.W. 1975. Analytical solutions to the one-dimensional lin-

earized moisture flow equation for arbitrary input. Soil Sci. 120:
79-84.

Yeh, T.-C.J. 1989. One-dimensional steady state infiltration in hetero-
geneous soils. Water Resour. Res. 25:2149-2158.

Yeh, T.-CJ., L.W. Gelhar, and A.L. Gutjahr. 1985a. Stochastic analy-
sis of unsaturated flow in heterogeneous soils. 1. Statistically iso-
tropic media. Water Resour. Res. 21:447-456.

Yeh, T.-CJ., L.W. Gelhar, and A.L. Gutjahr. 1985b. Stochastic analy-
sis of unsaturated flow in heterogeneous soils. 2. Statistically aniso-
tropic media with variable a. Water Resour. Res. 21:457-464.



